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Abstract
We continue to study the BPS gauge five-brane solutions of codimension two in ten-
dimensional heterotic supergravity. The geometry including the dilaton and the NS-NS
B-field are sourced from the monopole chain in R2 × S1. We find that the geometry is
asymptotically Ricci flat and the dilaton is no longer imaginary valued. These properties
are contrasted with the smeared counterpart discussed in our previous paper. We perform
the T-duality transformations of the solution and find that it never results in a non-
geometric object.
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1 Introduction
Extended objects known as branes play important roles in string theories. They have been
utilized for studying supersymmetric gauge theories [1], the AdS/CFT correspondence [2] and
model buildings for particle physics in string theories [3]. In particular, the U-duality [4] is
an important nature to understand the whole picture of string theories. When the eleven-
dimensional M-theory is compactified on T d, there appears the U-duality symmetry group
Ed(d)(R) in lower dimensions. BPS branes which preserve fractions of supersymmetry in lower
dimensions are classified according to the U-duality symmetry group Ed(d)(R). The higher
dimensional origin of these lower-dimensional BPS branes are wrapped/unwrapped F-strings,
D-branes, NS5-branes, Kaluza-Klein (KK) 5-branes and waves. There are exceptions, however,
in lower than eight-dimensional space-time. BPS states whose origin cannot be traced back to
these ordinary branes appear in the Ed(d)(R) U-duality multiplet [5–7]. These BPS states are
called exotic states whose higher dimensional origin are known as exotic branes [8, 9].
Among other things, an exotic brane called 522-brane in type II string theories have been
intensively studied [10–19]. The exotic 522-brane is a solitonic five-brane of codimension two,
whose tension is proportional to g−2s , as its name stands for [6]. The 5
2
2-brane has the U(1)
2
isometry along the transverse directions to the brane worldvolume. It is a defect brane [16,20]
and has a number of specific properties. For example, exotic branes are non-geometric objects
[21–23], namely, the background metric and other supergravity fields for an exotic brane are
governed by multi-valued functions of space-time. However, monodromies associated with the
exotic branes are indeed given by the U-duality group. This means that the geometry is
patched together by the symmetry and it is completely a consistent solution in string theories.
In this sense, they are not described by ordinary manifolds but their generalizations, called
U-folds. The 522-branes in type II supergravities are obtained through the chain of T-duality
transformations of the NS5-branes. The monodromy of the 522-brane geometry is given by the
O(2, 2) T-duality group. Therefore it is an explicit example of the T-fold. Some efforts has
been devoted to understand the exotic branes in type II string theories. However, exotic branes
in heterotic and type I string theories are poorly understood.
In our previous paper [24], we have studied the T-duality chain of five-branes in heterotic
supergravity. It is known that there are three distinct five-branes in heterotic theories [25–28].
They are called the symmetric, neutral and gauge types [25, 26]. In order to perform the
T-duality transformations of these five-branes, we have introduced U(1)2 isometry along the
transverse directions to the branes by the smearing procedure. Since the heterotic supergravity
action contains the kinetic term of the non-Abelian gauge field and the R2 term which are the
leading order in the α′ corrections, the well-known Buscher rule [29] is modified in heterotic
theories [30–32]. Accordingly, the generalized metric is also modified from the one in type
II theories. Using the modified Buscher rule in heterotic theories we have derived the KK5-
1
branes and 522-branes of the three kinds. We found that the monodromies of the 5
2
2-branes for
the symmetric and the neutral types are given by the O(2, 2) T-duality group and they are
therefore non-geometric objects. On the other hand, we were faced with some difficulties for
the gauge type five-brane. We found that the smearing procedure makes the metric of the gauge
type solution ill-defined. A function that governs the solution becomes negative valued at some
regions in space-time and the dilaton φ becomes imaginary valued in there. In order to make
the gauge type solution of codimension two well-defined, we need to abandon the smearing
procedure and re-consider the gauge five-brane from the first principle.
In this paper we make a complementary study of the gauge five-brane of codimension two
in heterotic supergravity. We will re-construct the gauge five-brane based on the well-behaved
monopole solution of codimension two which is known as a monopole chain [33]. We will show
that the geometry is asymptotically Ricci flat and the solution is well-behaved except the origin
of the brane position. We will perform the chain of the T-duality transformations on the solution
and find that the 522-brane obtained through the new gauge five-brane is not a non-geometric
object. The organization of this paper is as follows. In the next section, we introduce the gauge
five-brane solution in heterotic supergravity. In section 3, we introduce the Nahm construction
of monopole in R2 × S1 in the large S1 limit. In section 4, we write down the gauge five-brane
solution of codimension two. In section 5, we analyze the T-duality transformations of the
gauge five-brane. The background supergravity fields for the gauge KK5-brane and 522-brane
are obtained. Section 6 is conclusion and discussions. A version of the KK5-brane in another
T-duality route is found in Appendix A.
2 Five-brane solutions in heterotic supergravity
The low-energy effective theory of heterotic string theory is the ten-dimensional heterotic su-
pergravity. The action in the O(α′) is given by [34]
S =
1
2κ210
∫
d10x
√−ge−2φ
[
R(ω)− 1
3
Hˆ
(3)
MNP Hˆ
(3)MNP + 4∂Mφ∂
Mφ
+ α′
(
TrFMNF
MN +RMNAB(ω+)R
MNAB(ω+)
)]
. (1)
Here we have used the convention
κ210
2g210
= α′ where κ10 and g10 are the gravitational and
the gauge coupling constants in ten dimensions. The dilaton is denoted as φ. The metric
gMN (M,N = 0, . . . , 9) is defined by the vielbein as gMN = ηABeM
AeN
B. Here A,B = 0, . . . , 9
are indices in the local Lorentz frame and we employ the mostly plus convention of the flat
metric ηAB = diag(−1, 1, . . . , 1). The local Lorentz indices A,B, . . . are lowered and raised by
ηAB and its inverse η
AB. The Ricci scalar R(ω) and the Riemann tensor RABMN are defined
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by the spin connection ωM
AB as
R(ω) = eMAe
N
BR
AB
MN(ω),
RABMN(ω) = ∂MωN
AB − ∂NωMAB + ωMADηCDωNCB − ωNADηCDωMCB. (2)
The spin connection is expressed by the vielbein eM
A and its inverse:
ω ABM =
1
2
[
eAN (∂Me
B
N − ∂Ne BM )− eBN (∂Me AN − ∂Ne AM )− eAP eBQ(∂P eQC − ∂QePC)e CM
]
. (3)
The Riemann tensor in the O(α′) action (1) is defined through the modified spin connection
ω±M
AB. This is defined by
ω±M
AB = ωM
AB ± Hˆ(3)M AB, (4)
where Hˆ
(3)
M
AB = eNAePBHˆ
(3)
MNP is the modified H-flux. The modified flux Hˆ
(3)
MNP is defined by
Hˆ
(3)
MNP = H
(3)
MNP + α
′
(
ΩYMMNP − ΩL+MNP
)
+O(α′2). (5)
Here H
(3)
MNP is the ordinary field strength of the NS-NS B-field:
H
(3)
MNP =
1
2
(∂MBNP + ∂NBPM + ∂PBMN ). (6)
The Yang-Mills and the Lorentz Chern-Simons terms in (5) are defined by
ΩYMMNP = 3!Tr
(
A[M∂NAP ] +
2
3
A[MANAP ]
)
,
ΩL+MNP = 3!
(
ηBCηADω+[M
AB∂Nω+P ]
CD +
2
3
ηAGηBCηDFω
AB
+[Mω+N
CDω+P ]
FG
)
. (7)
Here AM = A
I
MT
I is the Yang-Mills gauge field and T I (I, J,K = 1, . . . , dimG) are the gener-
ators of the Lie algebra G associated with the gauge group G. The gauge group G is SO(32)
or E8 ×E8 depending on the heterotic string theories we consider. The symbol [M1M2 · · ·Mn]
stands for the anti-symmetrization of indices with weight 1
n!
. The modified H-flux Hˆ(3) obeys
the Bianchi identity:
dHˆ(3) = α′ (TrF ∧ F − TrR ∧R) +O(α′2), (8)
3
where RAB = 1
2!
RABMNdx
M ∧ dxN is the SO(1, 9)-valued curvature 2-form. The component of
the Yang-Mills gauge field strength 2-form F = 1
2!
FMNdx
M ∧ dxN is given by
FMN
I = ∂MA
I
N − ∂NAIM + f IJKAJMAKN , (9)
where f IJK is the structure constant for G.
The 1/2 BPS ansatz for the five-brane solution is given by [25, 26]
ds2 = ηµνdx
µdxν +H(x)δmndx
mdxn,
Hˆ(3)mnp = ∓
1
2
εmnpq∂qH(x), e
2φ = H(x),
Fmn = ±F˜mn = ±1
2
εmnpqF
pq, Aµ = 0, (10)
where the indices µ, ν = 0, 5, 6, 7, 8, 9 stand for the world-volume whilem,n = 1, 2, 3, 4 represent
the transverse directions to the five-branes. The Levi-Civita symbol is denoted as εmnpq. The
gauge field Am satisfies the (anti)self-duality condition in the transverse four dimensions. By
using the Bianchi identity (8) together with the ansatz (10), we find that the equation for the
“H-function” H(x) reduces to
H = ±α′Tr[FmnF˜mn] + · · · , (11)
where  is the Laplacian in the four-dimensional transverse space and · · · are terms involving
the Riemann curvature. The equation (11) means that the source term in the right hand side
of the Poisson equation for H(x) is given by the Yang-Mills instanton density and the Riemann
curvatures.
There are three distinct solutions to the 1/2 BPS five-brane conditions (10). They are so
called symmetric, neutral [25] and gauge five-brane solutions [26]. The symmetric solution is
an exact solution in α′-expansion while the neutral and the gauge solutions are valid in O(α′).
For the neutral and the gauge solutions, the Riemann curvature terms in (11) become higher
orders in α′ expansion and are neglected. The bulk gauge field becomes trivial in the neutral
solution and it is just the NS5-brane in type II supergravities. On the other hand, the gauge
solution involves the non-trivial bulk Yang-Mills field configuration. Indeed, the gauge field is
given by the instanton configuration with the non-zero topological charge k defined by
k = − 1
32π2
∫
Tr[F ∧ F ], (12)
where the integral is defined in the transverse four-space. Once a Yang-Mills instanton solution
is obtained, the H-function H(x) is determined through the relation (11). The other quantity
4
that distinguishes the five-branes is the charge Q associated with the modified H-flux:
Q = − 1
2π2α′
∫
S3
Hˆ(3). (13)
Here S3 is the asymptotic three-sphere surrounding the five-branes. The symmetric, neutral
and the gauge five-branes have charges (k,Q) = (1, n), (0, n), (1, 8) respectively.
In the previous paper, we studied the T-duality transformations of these heterotic five-brane
solutions. In order to perform the T-duality transformations, we introduced U(1)2 isometry
along the transverse directions to the five-branes. To this end, we employed the smearing
method for which the dimensionality of the space, where the H-function is defined, is effectively
reduced [35]. Then we wrote down the explicit solutions of the codimension two five-branes with
the U(1)2 isometry. After performing the chain of T-dualities, we constructed the 522-branes
of three kinds. We found that the symmetric and the neutral 522-branes are T-fold with the
non-trivial O(2, 2) monodromy. On the other hand, the gauge 522-brane solution is ill-defined
in the sense that the dilaton becomes imaginary valued in some regions of space-time. This
is due to the fact that the right hand side of the equation (11) that we have assumed is not
appropriate one.
For the concreteness, we start from the gauge five-brane of codimension four. A typical
example of the self-dual solution is provided by the BPST one-instanton in the non-singular
gauge [36]. By employing this configuration as the Yang-Mills field, the solution is given by [25]
Am = − σmnx
n
r2 + ρ2
, H(r) = e2φ0 + 8α′
r2 + 2ρ2
(r2 + ρ2)2
, Bmn = Θmn, (constant), (14)
where r2 = (x1)2 + (x2)2 + (x3)2 + (x4)2 and the gauge field takes value in the SU(2) subgroup
of G. Here σmn is the SO(4) Lorentz generator and φ0, ρ are constants. In order to introduce
the U(1) isometries in the transverse directions and reduce the codimension of the solution, we
look for the self-duality solution to the Yang-Mills gauge field in lower dimensions. It is well
known that the self-duality equation for the Yang-Mills gauge field becomes that of monopoles
of codimension three by the dimensional reduction. Indeed, in [37, 38], the gauge five-brane
solutions of codimension three based on the regular BPS monopoles was obtained. In the
previous paper [24], we constructed a gauge five-brane of codimension three by introducing the
smeared instantons in R3×S1 in the right hand side of (11). This is a naive limit of the solution
in [37, 38] where the radius in R3 × S1 becomes small (see fig. 3 in section 6.). Proceeding
further in this way, we have constructed the gauge five-brane solution of codimension two based
on the smeared monopole in R2×S1. We found that the H-function H(~x) associated with this
5
solution is given by [24]
H = e2φ0 − α
′σ˜2
2r2
(
h˜0 − σ˜2 log(r/µ)
)2 , r2 = (x1)2 + (x2)2, (15)
where φ0, σ˜, h˜0, µ are constants. This is obviously not positive definite. As a result, the dilation
becomes imaginary valued at some points near the core of the brane. This indicates the fact
that the smeared monopole does not work as a source of the well-defined brane geometry of
codimension two.
In the following, we replace the right hand side of (11) with more appropriate solution,
namely, the well-behaved periodic monopole and examine the gauge five-brane solution of codi-
mension two again.
3 Nahm construction for monopoles of codimension two
In this section, we introduce the monopole solution of codimension two which will provide
a well-defined brane geometry. There is a systematic mathematical program to find analytic
solutions of monopoles, known as the Nahm construction [39,40]. The monopole of codimension
two that we consider in this paper is just the small S1 limit of a periodic monopole defined in
R
2 × S1. In the following, we write down the explicit field configuration that is based on the
periodic monopole solution discussed in [33].
The BPS monopole equation in R3 is defined as1
DiΦ = −Bi, (i = 1, 2, 3). (16)
Here Φ is an adjoint scalar field and Bi is the magnetic field defined through the gauge field Ai.
They belong to the adjoint representation of a gauge group G with an anti-hermitian matrix.
For definiteness, we consider the G = SU(2) gauge group. The relevant quantities are defined
by
DiΦ = ∂iΦ + [Ai,Φ], Fij = ∂iAj − ∂jAi + [Ai, Aj ], Bi = 1
2
εijkFjk. (17)
We note that the equation (16) is obtained via the dimensional reduction of the (anti)self-
duality equation Fmn = −F˜mn in R4. The adjoint scalar field Φ is identified with the gauge
field component of the compact direction.
We now compactify one of the three-dimensional direction in R3 to S1 and consider the
1In the following we employ the minus sign in the right hand side. It is possible, of course, to find the
solution for the other sign.
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equation (16) in R2 × S1. We define the coordinate on R2 × S1 by ~x = (x1, x2, x3) ≡ (x, y, z)
and the S1 direction has the periodicity z ∼ z + β. Here β = 2πR and R is the radius of
S1. We are looking for the solution to the equation (16) in the small-β limit. In this limit,
the equation (16) is effectively defined in two dimensions. For the ordinary ’t Hooft monopole
of codimension three, the gauge group is broken down to U(1) at infinity and the asymptotic
behavior of the solution is governed by the Abelian Dirac monopole. We therefore employ the
same boundary condition for our case. By using the Bianchi identity, the Abelian reduction of
the monopole equation (16) on R2 becomes
(
∂2
∂x2
+
∂2
∂y2
)
Φ = 0. (18)
This is the Laplace equation in two dimensions whose spherically symmetric solution is given
by
Φ = c1 log r + c2, r
2 = x2 + y2. (19)
Here c1, c2 are constants. This is the boundary condition of the SU(2) monopoles in R
2 × S1.
Cherkis and Kapustin claimed that the BPS monopoles defined in R2 × S1 are the Nahm dual
to solutions to the Hitchin system in R × S1 [41]. By the Nahm transformation, the solution
to (16) with the boundary condition (19) is given by
Φ = i
∫ ∞
−∞
du
∫ pi/β
−pi/β
dv uΨ†Ψ, Ai =
∫ ∞
−∞
du
∫ pi/β
−pi/β
dv Ψ†∂iΨ, (i = 1, 2, 3). (20)
Here (u, v) are coordinates of the dual space R × S1 and 2π/β is the dual period of S1. The
“Dirac zero-mode” Ψ = Ψ(u, v; ~x) has a 2 × 2 matrix representation satisfying the following
relation:
∆Ψ = 0,
∫ ∞
−∞
du
∫ pi/β
−pi/β
dv Ψ†Ψ = 12. (21)
Here ∆ is the Dirac operator given by [41]
∆ =
[
2∂s¯ − z P (s)
P ∗(s¯) 2∂s + z
]
, P (s) = C cosh(βs)− ζ,
s = u+ iv, u ∈ R, v ∈ [−π/β, π/β) , ζ = x+ iy, z ∼ z + β. (22)
Note that x, y, z have the mass dimension −1 while the dual coordinates s, u, v have the dimen-
sion +1. The function P is determined by the periodic Hitchin fields. A dimensionful constant
7
C is recognized as the size of the monopole and it can be compared with the period β. The
small C means C ≪ β, namely, the decompactification limit R→∞. In this limit, the Hitchin
equation reduces to the Nahm equation for the monopole in R3 [42].
We are interested in the solution in the large-C (or equivalently small-β) limit. In this limit,
the radius of the physical circle in R2 × S1 becomes small R → 0 and the monopoles exhibit
the isometry along S1. Now we solve the Dirac equation ∆Ψ = 0. To this end, we look for
functions f = f(u, v; ~x), g = g(u, v; ~x) that satisfy
∆
[
g
f
]
=
[
2gs¯ − zg + P (s)f
2fs + zf + P
∗(s¯)g
]
= 0. (23)
As discussed in [33], in the region where P (s) is not zero, the solution to the equation (23)
becomes trivial f = g = 0. The exception is the points where P (s) = 0. In order to find the
non-trivial solution for f, g, we first define a zero point of P (s0) = 0, namely,
s0 = u0 + iv0 =
1
β
cosh−1(ζ/C), (24)
or more explicitly
u0 =
1
β
cosh−1
1
2C
(
√
(C + x)2 + y2 +
√
(C − x)2 + y2),
v0 =
1
β
cos−1
1
C
(
√
(C + x)2 + y2 −
√
(C − x)2 + y2) + n, (n ∈ Z). (25)
Since cosh(x) is an even function of x, the zeros are in fact given by s = ±s0. When these zeros
are degenerate, s0 = −s0, we find x = ±C, y = 0. On top of the zero s = s0 we have P = 0
and the solutions to the above equation are
g = exp
(z
2
s¯
)
, f = exp
(
−z
2
s
)
. (26)
When one leaves from the zero s = s0, we have f = g = 0 as discussed. Indeed, P is
a continuous function of s and one can reach the point s0 continuously. Therefore f, g are
continuous functions of s = u+ iv whose support is localized around s ≃ s0. In order to find a
solution, we expand P (s) around s = s0 and find
P (s) = P (s0) +
∂P
∂s
∣∣∣∣
s=s0
(s− s0) + · · · ≃ βξ(s− s0). (27)
Here we have defined ξ(x, y) = C sinh(βs0). Then, around the zero s ∼ s0, the equation (23)
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becomes
2gs¯ − zg + βξ(s− s0)f = 0,
2fs + zf + βξ¯(s¯− s¯0)g = 0.
(28)
It is easy to confirm that E(s − s0) defined by the following function satisfies the equations
(28):
E(s) = exp
[
−β
2
|ξ|ss¯− z
2
(s− s¯)
]
. (29)
This function E(s − s0) has a peak at s ∼ s0 and decays exponentially outside the support.
Using this expression together with the fact that the zero points are indeed s = ±s0, we have
solutions to (23): f(s) = |ξ|
ξ
E(s± s0), g(s) = ±E(s± s0). Then, by using these functions, the
solution to the Dirac equation is given by
Ψ ≃
√
β
2π
|ξ|− 12
[
ξE(s− s0) −ξE(s+ s0)
|ξ|E(s− s0) |ξ|E(s+ s0)
]
. (30)
Here we have introduced the overall factor for the normalization. Indeed, one calculates
Ψ†Ψ ≃ = β
π
|ξ|
[
|E−|2 0
0 |E+|2
]
. (31)
Here we have defined E± = E(s± s0) and
|E±|2 = exp
[−2π|ξ|(u± u0)2] exp [−2π|ξ|(v ± v0)2] . (32)
The integration by u in (21) is just the Gaussian type and it is easy to perform. Similarly, the
v-integration is well-approximated by the Gaussian in the small β limit:
∫ pi
β
−pi
β
dv exp
[−β|ξ|(v ± v0)2] ≃
∫ ∞
−∞
dv exp
[−β|ξ|(v ± v0)2] =√ π
β|ξ| . (33)
Therefore we find the Dirac zero-mode Ψ in (30) is correctly normalized:
∫ ∞
−∞
du
∫ pi
β
−pi
β
dv Ψ†Ψ ≃ β
π
|ξ|
∫ ∞
−∞
du
∫ ∞
−∞
dv
[
|E−|2 0
0 |E+|2
]
= 12. (34)
Now we have found the Dirac zero-mode (30). Through the Nahm transformation (20), we are
going to write down the solution for the physical fields. In the following, we derive the explicit
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monopole solution to the equation (16).
3.1 Adjoint scalar field
The solution to the adjoint scalar field is obtained as
Φ = i
∫ ∞
−∞
udu
∫ pi
β
−pi
β
dv Ψ†Ψ ≃ −iu0τ3 = −iRe(s0)τ3, (35)
where we have approximated the v-integration by the Gaussian in the small β limit. As we
have indicated, at the zero s0 = 0 , where x = ±C, y = 0 , we have r0 = 0 and Φ becomes
trivial. Using the explicit form of u0 given in (25), in the asymptotic region x, y ≫ C, the
solution (35) behaves like
Φ ∼ const.− i
β
log
( r
C
)
τ3 (36)
where r2 = x2 + y2. This is the desired asymptotic behavior of the monopole (19). Note
that this τ3 represents a U(1) Cartan subgroup of SU(2). A gauge invariant quantity TrΦ
2 is
evaluated as
Tr[Φ2] = −2u20. (37)
One observes that this is completely z-independent which implies that the solution represents
a codimension two object.
3.2 Gauge field
We proceed to construct the gauge field configuration. It is convenient to combine the gauge
field as the ζ and ζ¯ components. Then, the Nahm transformation becomes
Aζ =
1
2
(Ax − iAy) =
∫ ∞
−∞
du
∫ pi
β
−pi
β
dv Ψ†∂ζΨ,
Aζ¯ =
1
2
(Ax + iAy) =
∫ ∞
−∞
du
∫ pi
β
−pi
β
dv Ψ†∂ζ¯Ψ,
Az =
∫ ∞
−∞
du
∫ pi
β
−pi
β
dv Ψ†∂zΨ. (38)
Here ∂ζ =
1
2
(∂x − i∂y), ∂ζ¯ = 12(∂x + i∂y).
We first evaluate the u, v-integrations in Az. Since the z-dependence is only inside the E±,
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we have
Ψ†∂zΨ = −iβ|ξ|
π
[
(v − v0)e−β|ξ|{(u−u0)2+(v−v0)2} 0
0 (v + v0)e
−β|ξ|{(u+u0)2+(v+v0)2}
]
. (39)
Again, in the small-β limit, the u, v-integrals of the Nahm transformation is approximated by
the Gaussian and variants of it. Then we find the result is
Az = 0. (40)
Next, we calculate Aζ . After tedious calculations, we have
Ψ†∂ζΨ =
β
2π
√|ξ|
[
(ξ¯ψ11 + |ξ|ψ21)|E−|2 (ξ¯ψ12 + |ξ|ψ22)E∗−E+
(−ξ¯ψ11 + |ξ|ψ21)E∗+E− (−ξ¯ψ12 + |ξ|ψ22)|E+|2
]
. (41)
Here the terms in each component are defined by
ψ11 =
|ξ|− 12√
ζ2 − C2
[
3
4
C cosh(βs0) + ξ
{
− βC
4|ξ| ξ¯|s− s0|
2 cosh(βs0) +
1
β
(
β
2
|ξ|(s¯− s¯0) + z
2
)
}]
,
ψ12 =
|ξ|− 12√
ζ2 − C2
[
−3
4
C cosh(βs0) + ξ
{
βC
4|ξ| ξ¯|s+ s0|
2 cosh(βs0) +
1
β
(
β
2
|ξ|(s¯+ s¯0) + z
2
)
}]
,
ψ21 =
|ξ|− 12√
ζ2 − C2
[
ξ¯C
4|ξ| cosh(βs0) + |ξ|
{
−β
2
|s− s0|2 ξ¯C
2|ξ| cosh(2πs0) +
1
β
(
β
2
|ξ|(s¯− s¯0) + z
2
)
}]
,
ψ22 =
|ξ|− 12√
ζ2 − C2
[
ξ¯C
4|ξ| cosh(βs0)− |ξ|
{
β
2
|s+ s0|2 ξ¯C
2|ξ| cosh(βs0) +
1
β
(
β
2
|ξ|(s¯+ s¯0) + z
2
)
}]
.
(42)
Finally, we perform the integrations over u, v. Again, the integrations are approximated by the
Gaussian or its variants in the small-β limit. After calculations, we find
Aζ(x, y, z) =
1
2
√
ζ2 − C2
(
ζ
2ξ
+ z
β
− ζ
2ξ
e−2iv0ze−β|ξ||s0|
2
− ζ
2ξ
e2iv0ze−β|ξ||s0|
2 ζ
2ξ
− z
β
)
. (43)
One notices that this expression does not exhibit the traceless condition of the SU(2) algebra.
However, we observe that the expansion of the following quantity in the C ≫ x, y region,
cosh−1
1
2
(√(
1 +
x
C
)2
+
( y
C
)2
+
√(
1− x
C
)2
+
( y
C
)2)
=
y
C
− 1
6
( y
C
)3
+
1
2
( y
C
)( x
C
)2
+ · · · .
(44)
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exhibits the leading order behavior of each quantity in the expression (43) in the large-C.
Namely, using the expression (25), we have
u0 ∼ O
( y
C
)
, v0 ∼ π
2β
+O
( x
C
)
, |s0|2 = u20 + v20 ∼
π2
4β2
+O
(( x
C
)2
,
( y
C
)2)
. (45)
Here we have chosen the n = 0 branch in the definition of v0. Then, we find
β|ξ||s0|2 ∼ C
β
+O
(( x
C
)2
,
( y
C
)2)
. (46)
Therefore, the off-diagonal parts in (43) behave like ∼ e−Cβ and they are exponentially sup-
pressed and ignored compared to the diagonal part in the large-C (or small-β) limit. Further-
more, the term ζ
2ξ
in the diagonal part is small compared to z
β
and suppressed over a O(β/C)
quantity. Therefore, we find the gauge field solution in the large-C (and small-β) limit is
Aζ ∼ z
2β
√
ζ2 − C2
(
1 0
0 −1
)
. (47)
This expression satisfies the traceless condition of the SU(2) algebra as expected. In summary,
we obtain the gauge field of the codimension two monopole as
Ax =
z
2β
(
1√
ζ2 − C2 −
1√
ζ¯2 − C2
)
τ3, Ay =
z
2β
(
1√
ζ2 − C2 +
1√
ζ¯2 − C2
)
τ3, Az = 0.
(48)
Surprisingly, the monopole solution (35), (48) we have obtained in the large-C limit via the
Nahm construction is an exact solution to the BPS equation (16). One can easily confirm that
the solution (35), (48) satisfies the equation (16) for any values of C. We will comment on this
issue later.
Since the gauge invariant quantity (37) is independent of z, the z-dependence in (48) is just
due to the gauge artifact. In order to see this fact explicitly, we express the leading order form
of the solution in O(xi/C). First, at large-C, we find the approximated solution is
Ax ≃ iz
βC
τ3, Ay ≃ 0, Az ≃ 0. (49)
From these we find
Bx ≃ 0, By ≃ i
βC
τ3, Bz ≃ 0. (50)
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Next, using the expansion of (44), we find the leading order behavior of the adjoint scalar field
is
Φ = −iu0τ3 ≃ −i y
βC
τ3 +O((xi)3/C3). (51)
One confirms that these expressions indeed satisfy the BPS equation (16). It is now straight-
forward to find a gauge transformation that makes the solution be z-independent. The gauge
transformation
Φ→ Φ′ = UΦU †, Ai → A′i = UAiU † + U∂iU †, U ∈ SU(2). (52)
with
U = 12 + i
xz
βC
τ3, U
† = 12 − i xz
βC
τ3, (53)
makes it possible to remove the z-dependence. The result is
A′x ∼ 0, A′y ∼ 0, A′z ∼ −
ix
βC
τ3, Φ
′ ∼ − iy
βC
τ3. (54)
Therefore the solution represents completely codimension two object. This is similar to the
situation where the ’t Hooft monopole of codimension three is obtained by the periodic instanton
on R3×S1 [43,44]. In there the S1 dependence of the periodic instanton solution is completely
gauged away and the resulting solution is independent of the periodic direction.
4 Heterotic gauge five-brane with monopole of codimen-
sion two
In this section, based on the monopole of codimension two discussed in the previous section,
we construct the gauge five-brane solution in heterotic supergravity. In the ansatz (10), we
compactify the transverse directions x3 and x4 to T 2 = S1 × S1 and consider the small T 2
limit. The self-duality equation for the gauge field effectively reduces to that in two dimensions
R
2. As a solution to this equation, we employ the small S1 limit of the monopole solution in
R
2 × S1. The solution is given by (35) and (48). In particular, we identity the adjoint scalar
field Φ with A4 component. The Poisson equation (11) reduces to
∂2iH = 4α
′∂iTr[BiΦ] +O(α′2), (i = 1, 2, 3), (55)
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where the source term in the right hand side is provided by the one for the monopole of
codimension two. Using the monopole equation (16) and the solution (37), the first term in the
right hand side is rewritten as
4α′∂iTr[BiΦ] = −2α′∂2i Tr[Φ2] = 4α′∂2i u20. (56)
Therefore, the H-function is determined to be
H(x, y) = h0 +
4α′
β2
[
cosh−1
1
2C
(
√
(x+ C)2 + y2 +
√
(x− C)2 + y2)
]2
. (57)
Here h0 is a constant. The metric, dilaton and the NS-NS B-field are determined through the
BPS ansatz (10). A particular emphasis is placed on the fact that the dilaton field e2φ = H(x, y)
never becomes imaginary valued when h0 ≥ 0. This is contrasted with the gauge solution based
on the smeared monopole [24]. Even more, the metric governed by the H-function (57) is well-
defined in R2. The asymptotic behavior of the harmonic function looks like
H(r) ∼ 4α
′
β2
[log
( r
C
)
]2, (r →∞). (58)
This is compared with the smeared solution H(r) ∼ h0 − 2α′r2[log(r/µ)]2 (r → ∞). We note that
the asymptotic behavior (58) of the gauge five-brane is quite different from that of an authentic
harmonic function H(r) ∼ log r (r →∞) for codimension two branes in type II theories.
The Ricci scalar for the geometry is calculated to be
R(ω) = − 24h0α
′β4√
(x− C)2 + y2√(x+ C)2 + y2
×
(
h0β
2 + 4α′arccosh2
1
2C
(√
(x− C)2 + y2 +
√
(x+ C)2 + y2
))−3
. (59)
Here the definition of the Ricci scalar is given in (2). One observes that the Ricci curvature
of the geometry asymptotically vanishes. Remarkably, we find that all the components of the
Ricci tensor RMN vanishes at the infinity of R
2. Therefore, the geometry is asymptotically
Ricci flat. This is in contrast to the codimension two stand-alone objects in type II string
theories [20,45,46]. Indeed, any supergravity solutions for stand-alone codimension two objects
obtained so far have only their description near the core of branes [10].
The plots of the energy density for the monopole and the absolute value of the Ricci scalar
are found in fig.1. One finds that there are two poles in the energy density and the scalar
curvatures where the quantities diverge. The origin of these two poles is obvious from the
viewpoint of the Nahm construction in compact spaces. As is evident from the expression (22),
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Figure 1: The energy (topological charge) density 1
4
Tr[FmnF˜mn] = ∂
2
i v
2
0 for the monopole in
the (x1, x2) plane (left). The parameters are C = 1, β = 1. The absolute value of the Ricci
scalar in the (x1, x2) plane (right).
the Hitchin field solution P (s) on the cylinder R × S1 clearly breaks the spherical symmetry
in the physical space even for the single monopole case. This substantially leads to the axially
symmetric monopole solution (35), (48). This breakdown of spherical symmetry seems a fate
of codimension two monopoles [42].
As we have mentioned before, the solution (35) and (48) is valid for any values of C. The
parameter C corresponds to the distance between two centers of the energy peaks and the
supergravity solution becomes axially symmetric due to the existence of the C-parameter. This
symmetry is quite different from the known five-brane solutions which have spherical symmetry.
It is worthwhile to examine the C → 0 limit of the solution and look for a spherically symmetric
solution. It is easy to take a C → 0 limit for the gauge fields. However, it is not straightforward
to consider the limit C → 0 for the adjoint scalar field. We evaluate only a dominant term for
the adjoint scalar in the C → 0 limit:
Φ|C→0 = lim
C→0
i
β
cosh−1
√
x2 + y2
C
τ3,
Ax|C→0 = z
2β
(
1
ζ
− 1
ζ
)
τ3, Ay|C→0 = z
2β
(
1
ζ
+
1
ζ
)
τ3, Az|C→0 = 0, (60)
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Using this expression, DiΦ is calculated as
D1Φ|C→0 = lim
C→0
ix
β
√
x2 + y2
√
(x2 + y2)− C2 τ3 =
ix
β(x2 + y2)
τ3,
D2Φ|C→0 = lim
C→0
iy
β
√
x2 + y2
√
(x2 + y2)− C2 τ3 =
iy
β(x2 + y2)
τ3,
D3Φ|C→0 = 0. (61)
We also obtain
B1 = − ix
β(x2 + y2)
τ3, B2 = − iy
β(x2 + y2)
τ3, B3 = 0. (62)
Again, we confirm that the C → 0 expressions (61) and (62) indeed satisfy the BPS monopole
equation (16). We then find a heterotic five-brane solution based on (10) as
H|C→0 = h0 + lim
C→0
4α′
β2
[
cosh−1
√
x2 + y2
C
]2
, e2φ|C→0 = H|C→0,
gµν |C→0 = ηµν , gmn|C→0 = e2φ|C→0δmn, Hˆmnp|C→0 = −1
2
εmnpq∂qH|C→0,
Ax|C→0 = z
2β
(
1
ζ
− 1
ζ
)
τ3, Ay|C→0 = z
2β
(
1
ζ
+
1
ζ
)
τ3, Az|C→0 = 0,
A4|C→0 = lim
C→0
i
β
cosh−1
√
x2 + y2
C
τ3, Aµ|C→0 = 0. (63)
Under the C → 0 limit, we find that the Ricci tensor converges to zero. This means that the
spherical symmetric solution becomes globally Ricci flat.
5 Kaluza-Klein gauge five-brane and gauge 522-brane
In this section, we perform the T-duality transformations along the two isometries on the
solution found in the previous section. We will write down the regular solutions for the KK5-
and 522-branes associated with the gauge five-brane. Specifically, we are interested in the z-
independent solution obtained in (54) :
H = h0 +
4α′
β2C2
y2, e2φ = H, gmn = e
2φδmn, gµν = ηµν ,
B34 = −α′ 4xy
β2C2
, A3 = i
x
βC
τ3, A4 = −i y
βC
τ3, (64)
The other components are zero. We note that this solution is available up to O((xi)3/C3).
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I. Gauge five brane
III. Heterotic 522 -brane
II. KK gauge five braneKK gauge five braneVI. Another
T-dual with 
T-dual with 
T-dual with 
T-dual with 
route 1route 2
Figure 2: The picture indicates the T-duality relations among heterotic five-branes. Since the
gauge five brane has two isometry directions (x3, x4), there are two routes to obtain heterotic
522-brane.
For the heterotic supergravity action in the first order in α′, the T-duality transformation
rule, called heterotic Buscher rule, is written as [24, 47],
GMN = gMN − BMN + 2α′trAMAN ,
g˜MN = gMN +
1
G2nn
(gnnGnMGnN −GnngnMGnN −GnnGnMgnM),
B˜MN = BMN +
1
Gnn
(GnMBNn −GnNBMn), g˜nM = −gnM
Gnn
+
gnnGnM
G2nn
, g˜nn = − gnn
G2nn
,
B˜nM = − 1
Gnn
(BnM +GnM), φ˜ = φ− 1
2
log |Gnn|, A˜In = −
AIn
Gnn
, A˜IM = A
I
M −
GnM
Gnn
AIn,
(65)
where the index “n” means the T-dualized (isometry) direction and the tilde represents dualized
fields. The combination 2 gMN−BMN is a primitive metric in the double field theory (DFT) [48].
Since the fields (64) have two isometry directions, there are two routes to obtain the 522-
brane. We follow the route 1 in fig. 2 and show the Kaluza-Klein gauge five-brane and 522-brane
in this section. For another Kaluza-Klein gauge five-brane, we show it in the Appendix in detail.
5.1 Kaluza-Klein gauge five-brane
First, we perform a T-duality transformation with the gauge solution and obtain a T-dualized
object – the KK5-brane of codimension two. When we take the heterotic T-duality with
respect to the x4-direction for the fields (64), we obtain the Kaluza-Klein gauge five-brane
2 Here, we have chosen the combination gMN−BMN not gMN+BMN which may be widely used in literature.
This choice originates from the convention related to the generalized spin connection ω±. Since we have defined
the R2 term in the action by ω+, we have to choose the abovementioned combination in GMN . Otherwise the
O(d, d) T-duality symmetry is not realized.
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which corresponds to “II. KK gauge five brane” in fig. 2:
H = h0 +
4α′
β2C2
y2, e2φ
(4)
=
H
h0
,
g
(4)
ab = gab = Hδab, g
(4)
33 = H, g
(4)
44 =
1
h20
H, g(4)µν = ηµν ,
B
(4)
34 =
α′
h0
4xy
β2C2
, (A3)
(4) = i
x
βC
τ3, (A4)
(4) =
i
h0
y
βC
τ3, (66)
where (4) means the T-dualized direction and the indices a, b = 1, 2. It is obvious that the B(4)
field has a non-zero component and the dilaton e2φ
(4)
is regular. Unlike the usual Kaluza-Klein
five brane (Taub-NUT), the solution has non-zero components of the B-field and the gauge
field. Therefore, we can regard the brane as a source of the H-flux. We also confirm that the
gauge field satisfies the self-duality condition, Fmn =
1
2
ε pqmn Fpq in two dimensions. This sign
flip originates from the convention of the heterotic Buscher rule [24].
The fields (66) are almost the same with (64) except for the constant coefficient. The reason
is that the component of the extended metric G44 becomes a constant, and somehow it is the
same situation as in the smeared gauge solution discussed in [24, 25].
5.2 Heterotic 522-brane
Now, we perform the second T-duality transformation along the x3 direction on the Kaluza-
Klein solution. As a result, the solution obtained corresponds to the “III. Heterotic 522-brane”
in fig.2:
H = h0 +
4α′
β2C2
y2, e2φ
(43)
=
1
h20
(
h0 +
4α′
β2C2
x2
)
g
(43)
ab = Hδab, g
(43)
33 =
1
h20
(
h0 +
4α′
β2C2
(
2x2 − y2)), g(43)34 = −8α′h20
xy
β2C2
, g
(43)
44 =
H
h20
, g(43)µν = ηµν ,
B
(43)
34 = 4
α′
h20
xy
β2C2
, (A3)
(43) = − i
h0
x
βC
τ3, (A4)
(43) =
i
h0
y
βC
τ3. (67)
Here, the fields are written in O((xi)2/C2). It is clear that the dilaton φ(43) is regular and does
not take a negative value, unlike the one in [24].
For this solution, the components of the B-field are non-zero. One can easily write down
the generalized metric [47] associated with the solution (67). By the generalized metric, we find
that the monodromy around the gauge 522-brane solution we obtained is trivial and it does not
exhibit any non-geometric feature. In other words, the gauge 522-brane in heterotic theories is
not a non-geometric but a geometric object. This is in sharp contrast to the exotic 522-branes
of the neutral and symmetric types [24] and those in type II theories [21]. We also find that
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the gauge field strength in (67) satisfies the anti self-duality condition, Fµν = −12ε pqmn Fpq.
6 Conclusion and discussions
In this paper, we studied the BPS gauge five-brane solution of codimension two in heterotic
supergravity. The 1/2 BPS ansatz reveals the fact that the H-function is determined through
the source term given by the monopoles of codimension two. The desired monopole is described
by the small circle limit of the monopole chain defined in R2 × S1. An analytic solution of the
monopole chain is explicitly written down by the Nahm construction discussed in [33]. Using
this solution, we find the explicit form of the gauge five-brane of codimension two. We found
two poles in the curvature of the geometry for the gauge five-brane. This is due to the fact that
the monopole we constructed preserves only the axial symmetry in R2. This may be interpreted
from the viewpoint of solitons in compact spaces. The multipole structure of solutions is quite
common in the case of periodic instantons where these multipoles correspond to monopole
constituents of a single instanton [49]. It is well known that solitons in compact spaces with
non-trivial asymptotic holonomy possesses constituents inside each energy peak. In the analysis
of the monopole, we employed the boundary condition where the solution behaves like the U(1)
Dirac monopole at asymptotics. In other words, the SU(2) gauge symmetry is broken down
to U(1) at infinity. This breaking is characterized by the asymptotic holonomy. As discussed
in [42], for the monopole in two dimensions, there is always a non-trivial asymptotic holonomy
due to the logarithmic growth of the adjoint scalar fields. This substantially leads to the
introduction of constituents for the monopoles. This phenomenon is interpreted as D-brane
configurations [50] in type II theories. It is interesting to explore whether the same kind of
interpretation is possible in heterotic theories.
The parameter C in the solution controls the breaking of the spherical symmetry. We made
an analysis on the C → 0 limit of the solution where the spherical symmetry is expected to
be realized. We also found that the asymptotic geometry is Ricci flat which is consistent with
the fact that the monopole charge density becomes zero at the asymptotic region. Despite this
fact, however, the total energy (or the topological charge) associated with the monopole of
codimension two diverges. This is an inevitable fate of codimension two objects.
The H-function that governs the solution behaves like H(x, y) ∼ [log r]2 in the asymptotics
which is contrasted with the gauge solution based on the smeared monopole discussed in our
previous paper [24]. The geometry based on the smeared monopole has been ill-defined in some
regions in space-time and the dilaton becomes imaginary valued in there. We stress that the
new solution based on the monopole chain in this paper overcome this problematic property.
Since the solution exhibits the U(1)2 isometry along the transverse directions to the brane
world-volume, we can perform the chain of the T-duality transformations. By applying the
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Figure 3: The relationships among five-branes of various codimensions.
modified Buscher rule in heterotic theories, we performed the T-duality transformations of the
gauge five-brane of codimension two. We wrote down the KK gauge five-brane and the gauge
522-brane. The latter is a candidate of exotic branes in heterotic string theories. We find that
the monodromy of the gauge 522-brane is trivial and it is totally a geometric object. This is
contrasted to the symmetric and the neutral 522-branes discussed in [24].
It is also interesting to make contact with the heterotic gauge five-branes of various codi-
mensions (fig. 3). As we have discussed in the main body of this paper, the codimension three
gauge five-brane based on the smeared instanton worked out in [24] just corresponds to the
small circle limit of the one found in [37]. There is an implication that the large circle limit of
the Ward’s monopole chain becomes the ordinary ’t Hooft monopole in three dimensions [42].
We therefore expect that the codimension two five-brane we have obtained reduces to the codi-
mension three five-brane based on the ’t Hooft monopole in this limit (the relation (i) in fig.3).
On the other hand, we naively expect that a strict β → 0 limit of our solution results in the
five-brane based on the smeared monopole (the relation (ii) in fig.3). However, it is difficult to
observe this issue due to the lack of the spherical symmetry of the Ward’s solution. It seems
plausible that more subtle limit need to be considered as in the case of the monopole limit of
periodic instantons [51].
There are more interesting issues related to works done here and [24]. We have worked out
the explicit T-duality chains of five-branes in heterotic theories. We have found that the three
distinct five-branes exhibit totally different behavior under the chain of the T-duality. The 522-
brane of the symmetric and the neutral types are non-geometric while the one of the gauge type
is geometric. What nature does it clarify this property? The group theoretical classification of
BPS multiplets in heterotic theories based on Abelian gauge symmetries has been studied [52].
It would be interesting to study the structure of the BPS multiplet, especially the T-duality
brane orbit [53] in toroidary compactified heterotic theories.
It was also discussed that when the instanton in the gauge five-brane of codimension four
shrinks to zero size ρ → 0, a gauge multiplet on the brane world-volume becomes massless
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and the enhanced SU(2) gauge symmetry is expected to appear [54]. This small instanton
limit of the gauge five-brane in the SO(32) heterotic string theory is related to the D5-brane
in type I theory via the S-duality. The fact that the moduli spaces of periodic monopoles have
hyperKa¨hler metrics [55] together with the discussion [54] may lead to an interpretation of the
gauge five-brane discussed in this paper in type I theory side. Even more, it is interesting to
study relations among various five-branes in heterotic and type I theories. We will come back
on these issues in the future.
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A Another Kaluza-Klein gauge five-brane
Here we show another Kaluza-Klein gauge five-brane solution which corresponds to “IV. An-
other Kaluza-Klein gauge five-brane” in fig. 2. This is another configuration of the Kaluza-Klein
gauge five-brane. Since the (x, y) dependence of the fields in (64) is asymmetric, the form of
the T-dualized fields is slightly different from the one in (66). The fields can be obtained by
the heterotic T-duality along x3-direction for the solution (64):
H = h0 +
4α′
β2C2
y2, e2φ
(3)
=
1
h0
(
h0 +
4α′
β2C2
)
,
g
(3)
ab = Hδab, g
(3)
33 =
1
h20
(
h0 +
4α′
β2C2
(
2x2 − y2)), g(3)34 = 8α′h0
xy
β2C2
, g
(3)
44 = H, g
(3)
µν = ηµν ,
B
(3)
34 = −
4α′
h0
xy
β2C2
, (A3)
(3) = − i
h0
x
βC
τ3, (A4)
(3) = −i y
βC
τ3. (68)
The fields are written in O((xi)2/C2). There is a non-zero off-diagonal metric and the form of
the dilaton φ(3) and a component of the metric g
(3)
33 are different from (66). However, the gauge
fields in (66) and (68) are gauge equivalent. When we take a T-dual transformation along x4
for (68), we can obtain the heterotic 522-brane (67) as in fig. 2. Therefore, we confirm that the
T-duality web for the heterotic gauge five brane is closed.
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